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Abstract. This paper generalizes a classification of solutions of a supcrlinear 
Dirichlet problem given in I13| to a nonautonomous case. In |12| the increas- 
ing of f{t) was used to prove the classification and in 1131 the unicity of the 
solution of the Cauchy problem was used. Here the classification appears as 
a consequence of the a priori estimates. It results that existence classificarion 
remain true for a class of nonautonomous problems. 



1. Introduction 
We are interested by radial solutions of the nonautonomous problem 

(1) — Aii = g{u) — A — f{x), on and u = on dfl 

where il denotes the unit ball in R", A > 0, / is a radial function on f2. 
g € C°'"(R, R) and there exists A > such that g+ — g\^^ is positive, increasing, 

differentiable and convex, g- — g\^_^ is positive, convex and decreasing. In 
addition 

(2) lim = ±oo, X ±oo 



(31 lim W = ±oo, a; — ^ ±oo 

V X gj{x) 

A classical problem of the existence of radial solutions still interesting in super- 
linear case see [6] and [TO] . 

For the positone problem different methods have been used [TU] , and for the non- 
positone problem, radial solutions have been considered using the shooting method 
[B] [3] . Here we deal with the nonpositone problem using the homotopy of the topo- 
logical degree [S]- 

P. L. Lions in [9| notes that many existence results of nodal solutions have been 
obtened but no classification of solutions have been given. 

Remark that a classification of solutions set was introduced by 
P.H. Rabinowitz [TT] based on the number of zeros of the solution u{t) to prove 
existence results for a semilinear Sturm-liouville problem. 

In this paper we use the homotopy of the topological degree and a classification of 
solutions based on the number of zeros of the second hand side of Eq.(l) g{u{t)) — 
X — f{t) = 0, t G R. This approch represents an alternative for the shooting method 
and have been used in [T2] [13 ■ 

This paper generalize the existence result given in |13j for a nonautonomous 
case. The main result is the Proposition(3) in which the classification of solutions 
set appears as a consequence of the a priori estimates. Indeed in [12] the classi- 
fication was given by the increasing property of f{t), see proof of Proposition(3) 
Eq.(2.19), and in [T3] the unicity of the solution of the Cauchy problem was used, 
see Proposition(4) [TB] . 
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Remark that the topological method is not limited by critic Pohozaev-Sobolev 
exponent but only by a priory estimates. Hence, the existence result given in 
Theorem (1) [13] depends only on conditions (2) and (3) and stills valid for R", 
n > 1. To our knowledge the most general existence results known at this time for 
nodal solutions of nonpositone Elliptic problems are subject to the limite of critic 
Pohozaev-Sobolev exponent. 

A remarkable a priori estimates for positive solutions of elliptic problems was 
given in 7 and used to get existence result with the topological degree. 

Here, properties of the nonpositone problem and nodal solutions have been ex- 
ploted to get an a priori estimates which is not limited by the critic Pohozaev- 
Sobolev exponent. 

The plane of the proof is similar to [13' and most arguments of proofs remain true 
for (1). So we will give details just for the proof of Proposition® which generalizes 
Proposition(4) in 13 . 

2. Existence and classification of solutions 
We consider the problem 

(4) - u"{t) ^"'W - 9{n{i)) - A - f[t) 

u{Q) = 0,ii(l) ^ 

u having a local minimum in zero. This is a non autonomous problem related to 

(5) in [B]. In addition suppose that / € C^{[Q, 1],R)- 

Recall that A > 0, 17 S C(R, R) and there exists A> Q such that 3+ = ^of 
positive, increasing, differentiable and convex, g- = is positive, convex 

and decreasing. In addition 

(5) lim = ±00, X ±00 

X 

Let fc e TV, A > A, £; = {w e CH[0,1],R) : u'(0) < 0,u(l) = 0} and Zfe(A) a 
subset of E defined by 

Zk{X) — {u ^ E : u{t) — g^^{X + /(t)) has k simple zeros in [0, 1]} 

We denote M = ||/||ci- 

The following proposition recalls the a priori estimate given in proposition (2) 
in [13]. 

Proposition. There exist C > and K{X) a continuous function defined on [C, oo[ 
such that, for each solution (m, A) of (1) satisfying A > C and u'(0) < 0, we have 
\\u\\<K{\). 

For a local maximum 13 

u[fi)<2R{A[\ + M)), R{x)=ma.^{\g-_\x%\g-^x)\} 

and for a local minimum a 

\u{a)\ < R{X + M) 

The proof of the propostion is the same as proof of Proposition(2) in [IB] . 
Some general formulas. 
— The mean theorem gives 

< m2 |.g+^(A + TO2) - g+^A + mi)\ 



(A+m2) 
g^^(A+mi) 



{g{u) - X)du 



A NONAUTONOMOUS SUPERLINEAR PROBLEM 



3 



and gives fi G]mi, 

g^^{\ + m2) - .g+^(A + TOi) 



TO2 — 'Til 



(6) 



g, (A+m2) 



g, (A+mi) 



{g{u) - X)du 



< 7712 



7772 — 'm-l 



— for X > a large enough 5+ is convex then 

X — a 

for a; large enough there exists 7 > such that 

g'{x) > ■yg{x)/x 

set X = g~^{\ + fj.) to get 
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(7) 



g'{g+\\ + fi)) 



0, A ^ +00 



Let a, be [0, 1] 



(8) 



fu'dt = {f{b)u{b)~ f{a)u{a))+ / fudt 



fu'dt 



< 3A/max|7i(t)| < 6M R{A{X + M)) 



— The concavity of g^ ^ implies that for x > a large enough 

g+^jx) - g^^ja) 
X — a 

is decreasing, then for 5 > a > and A large enough 

g^\bX)-g^\a) ^ g~\a\) - g-\a) 
bX~ a aX — a 

we deduce that there exists 7 > such that 



(9) g^\bX)<^g^\aX) 

Remark 1. Increasing of g gives, for X large enough, u > i7+^(A + /) implies 
g{u) — (A + /) > 0, and u = g^^{X + /) implies g{u) — (A + /) = 0, hence Q < u < 
g+\X + f) implies g{u) - (A + /) < 0. 

For P a local maximum g{u{P)) — (A + f{f3)) > 0, from which 
g^ (A + f{l3)) < u{/3). (contrapositive of the last implication) 

For a a positive local minimum g^^{X + f{a)) > u{a). 

The following lemma genaralizes Lemma(5) in [I3j which is used in the following 
to prove Proposition(3). 

Estimation of the derivative at zeros of u{t) ~~ g^^{X + f{t)). 

Lemma 2. There exists a sequence {Ak) {k > 1) of positive numbers such that, for 
each solution {u, A) of (1) satisfying 7t'(0) < 0, A > Ak and u ^ g^ (A + /) having 
at least k zeros, there exist B > satisfying for the k largest zeros 

\u'{t)\ > B^Xg^\X/2) 
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Proof. The k largest zeros of u — g^^{\ + f) are denoted by ti < T2 < .. < < 1. 
Tk represents the largest zero. 
Estimation ofu'{Tk). 

Let 7] e]Tfe, 1[ be the smallest zero of u{t). Since 5+^ (A + /) > u, from remark(l) 
u has no local maximum in ]rfe, ri[, then it is decreasing on [rfe, rj] and from (1) it is 
convex. 

Let a be the unique element of ]Tk,r][ such that u{a) ~ g^^{X/2). Denoting by 
h{t) the segment joining u{a) and u{ri) — 0, and setting v{t) = h{t) — u{t) on ]a, ri[, 
then —v" = X + f — g{u) — pu' . Since u < g^^{X/2) and is decreasing —v" > A/2, 
since v < (A/2) 

// ^ 1 r 

~v > T- — —V, on a, 77 

2g;i(A/2) ^ ' 

u(?7) = ti(a) = 
setting t — 8 (rj — a) + a, 8 £ [0, 1] and w(s) = t;(s (77 — a) + a) 

2 A 

-u;">(?7-a) _i w, on]0,l[ 
2.9+ (A/2) 

u;(0) = w{l) = 

the comparison theorem of Sturm gives {rj — a) < y^n '^J g^^ {X / 2) j A. 
Since u is convex on ]?7,Tfc[, |M'(rfc)| > |u'(a)| > u{a)j(r\ — a), 

hence \v!(tu)\ > Xg-\X/2). 

We shall use the recurrence argument. 

Let B > 0, 6 > 0, Ti and r^+i two consecutive zeros such that |u'(Ti+i)| > 



Xgj^^{X/2), then for A large enough we have \u'{Ti)\ > (B - S)y Xg_f_^ {X/2). 
Indeed, multiplying (1) by u' and integrating to get 

— r — > h / {g{u) - X)du - / fudt 

then (3,5) give 

/(T.+l) - /(Ti) 



2 - 2 



5'(5;\A)) 



6Mi?(4(A + A/)) 



(2=6) give ^ and (4) gives ^^^ff^ ^0. □ 



The following proposition genaralizes the Proposition(4) in [T5] . 

Proposition 3. There exists a sequence {Bk){k > 0) of positive numbers such that, 
for each X > B^, (1) has no solution u € 9Z2fe(A) satisfying u'(0) < 0. 

Proof. By contradiction, let u G 9^2^ (A) be a solution of (1). 

Case fc = 0: Let (t;„) a sequence of solutions in Z[j{X) such that f„ u. From 
remark(l) w„ < on ]0, 1[ then w < 0, hence u — g^ (A + /) has no zero from which 
u G Zo{X) thus u ^ 9Zo(A), contradiction. 

Case k > 1: First, we shall prove that u — g^^{X + f) has at most 2k simple 
zeros. 

Indeed, let r be a simple zero, then there exist eq > 0, ei > and S > such 
that T is the unique zero on ]r — eo, r + eo[, (one assume that u — g^^{X + /) is 
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increasing. If it is decreasing the inequalities are inverse and the proof is similar) 

u{t - eo) - g+^{X + f{T - eo)) < -ei 
u{t + eo) - g+\X + /(r + eo)) > ei 
u'-[g^\X + f)]' >d 

Let (vn) be a sequence of Z2k{X) such that Vn ^ urn E, there exists n(eo, ei,S) G N 
such that for n > n(eo, ei, S) 

\u{t - eo) - Vn{T - eo)| < ei/2 
I^Ct + eo) - Vn{T + eo)| < ei/2 



IK-<lloo<V2 



from which 



Vn{T - eo) - 5;i(A + /(r - eo)) < -ei/2 
Wn(r + eo) - g+\X + /(r + eo)) > ei/2 
v'„-[gl\X + f)]'>6/2 

which implies that w„ — g+^iX + f) has a unique simple zero on ]t— eo, T + eo[. Since 
Vn G Z2k{X), Vn — g+^ {X + /) has exactly 2k simple zeros, then u — 5+^(A + /) has 
at most 2k simple zeros. 

There are not exactly m simple zeros with m < 2k. 

Indeed, by contradiction assume that u G Zm{X). Since Z2k{X) and Zm{X) are 
open sets of E and Zm{X) fl Z2k{X) ^ 0, then Zm{X) PI dZ^kiX) = 0, contradiction. 

Last, since there exist at most 2k simple zeros of u — g^^{X + /) there exists tj 
a zero which is not simple j < 2k + 1. From the lemma (2), there exists A2/C+1 > 

such that for A > Aafe+i \u'{tj)\ > B^Xg^^{X/2) 

On the other hand \q7^(X + f)]' = , , _(,^ — — , (4) implies that ki'fr,-)! > 

{g+^{X + f{Ti)))' for A large enough, then tj is a simple zero of u — g^^{X + /), 
contradiction. □ 
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